We answer an outstanding question in general relativity about the volume integral theorem for exotic matter by proposing a well behaved, conserved volume quantifier for Averaged Null Energy Condition (ANEC) violating matter in a static spherically symmetric traversable wormhole. It is checked against some classic solutions of general relativity with a well known scalar field source. Our quantifier firmly establishes the conviction that traversable wormholes can be supported by arbitrarily small quantities of exotic matter. It is shown that an earlier formulation leading to that conclusion suffers from severe inadequacies.
Traversable wormholes are just as good a prediction of Einstein's general relativity as are black holes. The notion of exotic matter required to construct such wormholes has found a novel justification in the role of dark matter on a cosmological scale [1] . There arises a natural enquiry as to how much of such exotic matter, violating specifically the Averaged Null Energy Condition (ANEC), is required to support a traversable Lorentzian wormhole on a local scale. This question has been recently addressed by Visser, Kar and Dadhich [2] , and they have shown that, by appropriate choice of wormhole geometry, the ANEC violating matter can be made arbitrarily small. Their key result is the proposal of quantifying the total ANEC violating matter in terms of a volume integral theorem. Such a theorem is of paramount importance as it has potential implications for topological censorship or positive mass theorems of general relativity. Moreover, given the widespread interest in traversable wormholes in recent years, especially among the physics community, it is imperative that the volume integral in question be properly identified. The crucial need for a correct quantifier has also been recognized in Ref. [3] .
The volume integral theorem in Ref. [2] has been applied only to the static Thin Shell wormholes with the exotic matter lying within the radii r 0 to r 0 + a, where r 0 is the throat radius and a << r 0 . If the integration measure is chosen judiciously, the total exotic mass Ω in the space can be finite and be represented by Ω = f (r 0 , a, ε, λ, ...) in which ε, λ etc. are the parameters of the considered solution of general relativity. If the integral exists in the finite coordinate range, it is then intuitively likely that the free parameters ε, λ etc can be tuned close to their limiting values making Ω as small as we please. The smallness becomes more trivial in the limit a → r 0 . Therefore, strictly speaking, thin shell tests do not really justify the validity or quality of such volume integrals. Moreover, a genuine volume quantifier must not be directed only to thin shells. The only way to decide upon the validity is to check it against some test examples of classic wormhole solutions of general relativity with well known sources of asymptotically decaying exotic matter field. We propose that the integral should satisfy certain minimal plausible conditions that can be framed as follows: (i) The integration measure must be natural, that is, it must be such that the resulting total mass be the same in any coordinate system with its own natural measure. (ii) If the role of exotic matter is played by some scalar field, then the integrated exotic mass for a given solution must reproduce, at least to first order, the scalar "charge" present in the solution. (iii) The mass must obey some conservation principle, although in general relativity, formulation of this principle is allegedly nonunique. We take the standard one referred to in the text books.
The purpose of this Letter is to propose an appropriate volume quantifier and exemplify it using known traversable Lorentzian wormholes in general relativity in which the exotic matter is provided by the minimally coupled scalar field. As we go along, it will be evident that the volume quantifier proposed in Ref. [2] fails to satisfy the above physical criteria when applied to our examples.
To begin with, the volume integration measure dV used in Ref. [2] , viz., "4πR 2 dR" does not satisfy (i). It is a natural four dimensional measure strictly for the vacuum Schwarzschild solution in curvature coordinates. In this case, the exotic matter is identically zero and it does not concern us here. But, if the same measure "4πR 2 dR" is applied to non-Schwarzschild solutions, like the ones we are going to consider, the resulting mass does not satisfy any of the above criteria. One could instead choose "
x" (where g 3 is the determinant of the spatial part of the metric) and it does satisfy (i) but does not satisfy (ii) and (iii). Now consider the Morris-Thorne-Yurtsever (MTY) [4] form of a static, spherically symmetric wormhole in the curvature coordinates (t, R, θ, ϕ) (We take G = c = 1):
The throat of the wormhole occurs at R = R 0 such that b(R 0 ) = R 0 , and we assume exp[2φ(R 0 )] = 0. The density and pressures can be calculated in the static orthonormal frame. Then, using these, one has
where the prime denotes differentiation with respect to R. The boundary term has been argued to be zero and the second (integral) part has been proposed in Ref. [2] as the volume-integral theorem. But the argument is incorrect. The boundary term vanishes only if φ(R) ∼ O(R −2 ) and b(R) ∼ O(R −1 ), at least. If b(R) = 2m = constant, then the upper limit (R = ∞) gives a nonzero value (2m). This fact invalidates the illustration with the "spatial" Schwarzschild case as it deals with an incorrect volume-integral. In what follows, we would calculate the full integral for Ω.
To get an idea of a suitable form of volume integral, let us consider the Einstein minimally coupled scalar field theory given by the field equations
where Φ is the scalar field, R µν is the Ricci tensor and the semicolon denotes covariant derivatives with respect to the metric g µν . These field equations are just the vacuum Jordan frame Brans-Dicke equations in the conformally rescaled Einstein frame. (They also follow from the vacuum low energy string theory in four dimensions). Scheel, Shapiro and Teukolsky [5] have shown that the general asymptotically flat, static solution has the asymptotic form
where r is the isotropic radial variable, M T and M S are the tensor and scalar masses respectively. (M S may also be termed as "scalar charge" on one side in the wormhole scenario. Our examples are symmetric on two sides, and hence, for transparency, we work throughout only on one side. For two sides, all relevant quantities should be multiplied by a factor 2). M T is also the asymptotic mass M ∞ . These masses also appear in different combinations in the Jordan frame and separate conservation laws have been obtained by Lee [6] in terms of superpotentials. As we are working in general relativity (Einstein frame), it is legitimate to use the general relativistic generalization of the energymomentum four vector of special relativity defined by the integral (of course, with its attendant limitations) [7] :
µ are the matter and gravitational energy-momentum densities respectively. We localize the latter to be zero in the static orthonormal coordinates. The important thing here is the identification of the integration measure " √ −gd 3 x" and the fact that the integration in the large does yield conserved values. This accounts for (iii) in a general way as long as we employ this measure, and its validity will be guaranteed if it throws up exact relevant values when applied to known examples. Under this condition, the same measure can be used for the volume integral for the ANEC violating matter that we have been looking for. In the static configuration, we have, P 0 = 0 and P i = 0, and hence, we propose the volume integral
where r 0 is the isotropic throat radius. We now show, by examples from the minimally coupled theory that Eq. (6), with the pressure part being zero, does indeed satisfy all the conditions (i)-(iii). The form of a certain exact general class of solutions of the Eqs. (3) and (4) is given in isotropic coordinates (t, r, θ, ϕ) by:
This solution follows from the Brans-Dicke theory in the conformally rescaled Einstein frame. It was actually proposed by Yilmaz [8] decades ago, in fact a few years earlier than the advent of Brans-Dicke theory. For this solution M T = M and
The metric in Eqs. (7) exactly coincides up to second order with the Robertson expansion of any centrally symmetric field. Thus the solution describes all the weak field tests of general relativity just as exactly as the Schwarzschild metric does for r > 2M. It is actually a singularity free solution as the curvature scalars are all zero at r = 0 and at r = ∞, and thus the solution has two asymptotically flat regions. The tidal forces are finite everywhere. In fact, it satisfies all the five conditions laid down by Visser [9] for any isotropic form to qualify as a traversable wormhole (see Ref. [10] for more details). The throat appears at r 0 = M. Calculations of the energy density (ρ) and pressures (p r , p θ , p ϕ ) imply that both the Weak Energy condition (WEC) and NEC are locally violated, as expected in a spacetime containing wormholes. With these expressions, our integral (6) converges and immediately gives the values Ω pr=0 AN EC ≡ M S = −M/2, and Ω AN EC = −M, no matter whatever coordinate system we use. These results account for (i)-(iii) in an exact way, confirming that the integral (6) is indeed the right one. Returning to the MTY form via the transformation R = rexp[M/r] (Note that for both r → 0 and r → ∞, we have R → ∞ and the throat now occurs at R 0 = Me), and calculating with (2), we find Ω = M(2 − e) = −M. The use of √ g 3 d 3 x measure in (2) instead of "4πR 2 dR" measure however gives Ω = M(1 − e) = −M in both MTY and isotropic coordinates. In all cases, clearly, the condition (ii) is not satisfied. Moreover, M(2 − e) = M(1 − e) indicates that (i) is violated.
Let us consider a second, but qualitatively different example provided by another class of exact solutions of the set (3), (4):
It was proposed in that form by Buchdahl [11] long ago, but it can also be obtained from the Brans-Dicke solution by conformal rescaling. The two undetermined constants m and β are related to the source strengths of the gravitational and scalar parts of the configuration. Once the scalar component is set to a constant value (Φ = 1 ⇒ β = 1), the solutions (8) reduce to the Schwarzschild black hole in accordance with Wheeler's "no scalar hair" conjecture. Physically, this indicates the possibility that the scalar field could be radiated away during collapse and the end result is a Schwarzschild black hole. But for β = 1, the solution has a naked singularity at r N S = m/2. However, the throat occurs at r
1/2 > r N S and it is known that the solution represents a traversable wormhole [12] . The scalar field expands like: Φ ≈ 1−(m/r) √ β 2 − 1+O(1/r 2 ) and provides a charge M S = −(m/2) √ β 2 − 1. Using (6), we find,
from which one can read off the scalar charge, in accordance with what was stated in (ii). Also, like the first example, Ω AN EC = 2Ω pr=0 AN EC . The metric in (8) can be transformed to MTY form under R = re −ψ and we can compute (2) with the "4πR 2 dR" measure but that would not give us (9) . Now, tuning β → 1, one can make Ω AN EC → 0, even though we did not have to limit ourselves to any thin shell construction.
Finally, keeping in mind that the integration measure in (6) is neatly supported by our known wormhole examples, it is curious to see what result it gives for the "R = 0" wormhole [2, 13] for which ρ = 0. The Eq.(6) works out simply to Ω ρ=0 AN EC ≡ −2mε ln r, where ε is an arbitrary constant. This is an aesthetically satisfying result in contrast to the long and divergent (at r = ∞) expression one obtains with Eq.(2) although it shares the same disease of divergence at r = ∞. It can mean two things: Either a spacetime with ρ = 0 (and asymptotically vanishing pressures) must only be a Schwarzschild vacuum, in which case ε must be identically zero or, it is incorrigibly a thin shell wormhole. This explains to us why it is only to be a thin shell geometry in Ref. [2] , not as a mere convenience but as an imperative: The logarithmic divergence in Ω (or in Ω ρ=0 AN EC ) can only be skirted by fixing finite thin shell integration limits. However, even in this geometry, the pictures are different: With Ω of (2), in its labored limiting process, the independent parameter ε has somehow to be made functionally dependent on the chosen integration limits. With Ω ρ=0 AN EC of (6), one need not encounter this logically unacceptable situation. We see here that ε → 0 implies Ω ρ=0 AN EC → 0, without any additional constraints on ε. In fact, in the limit ε → 0, λ = 0, the "R = 0" solution tends smoothly to the vacuum Schwarzschild solution as λ can be absorbed in the time variable. This result teaches us an important lesson that it is ε, and not λ, that controls the volume of the ANEC violating matter.
In conclusion, we think that the volume quantifier (6) is more legitimate than the earlier quantifier (2) . It fulfils the crucial need for a correct volume quantifier for exotic matter. It beautifully tests against all considered solutions thereby firmly establishing the tenet that the ANEC violating matter can be made arbitrarily small for traversable Lorentzian wormholes. On the sidelines, using our integral, we have also discovered new features of the "R=0" self-dual wormholes. 
